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Mixed-integer linear fractional program (MILFP) is a class of mixed-integer nonlinear programs (MINLP) where the
objective function is the ratio of two linear functions and all constraints are linear. Global optimization of large-scale
MILFPs can be computationally intractable due to the presence of discrete variables and the pseudoconvex/pseudocon-
cave objective function. We propose a novel and efficient reformulation–linearization method, which integrates
Charnes–Cooper transformation and Glover’s linearization scheme, to transform general MILFPs into their equivalent
mixed-integer linear programs (MILP), allowing MILFPs to be globally optimized effectively with MILP methods. Exten-
sive computational studies are performed to demonstrate the efficiency of this method. To illustrate its applications, we
consider two batch scheduling problems, which are modeled as MILFPs based on the continuous-time formulations.
Computational results show that the proposed approach requires significantly shorter CPU times than various general-
purpose MINLP methods and shows similar performance than the tailored parametric algorithm for solving large-scale
MILFP problems. Specifically, it performs with respect to the CPU time roughly a half of the parametric algorithm for
the scheduling applications. VC 2013 American Institute of Chemical Engineers AIChE J, 59: 4255–4272, 2013
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Introduction

Mixed-integer linear fractional program (MILFP) is a class
of special type of nonconvex mixed-integer nonlinear pro-
gram (MINLP).1,2 An MILFP includes both continuous and
discrete variables and seeks to optimize an objective function
that is expressed in general form as the ratio of two linear
functions subject to linear constraints. In process systems
engineering, MILFP models usually occur in the planning
and scheduling optimization for chemical manufacturing,
petroleum refinery, polymerization processes, and paper pro-
duction.3–9 When continuous-time formulations are used,10,11

the objective function of a scheduling problem might involve
maximizing the cyclic profit rate or productivity, both of
which are usually expressed as the ratio of two linear func-
tions with the numerator as the profit and the denominator as
the cycle time or makespan.12–15 With this type of objective

function, the scheduling problems are formulated as MILFPs,
when all the constraints are linear. Real-world scheduling
problems can be quite large-scale and global optimization is
important to achieve the best process performance. However,
MILFPs are nonconvex MINLPs and Non-deterministic
Polynomial-time hard (NP-hard) in nature. Therefore,
MILFPs can be hard to optimize to global optimality,
because of their combinatorial nature and the pseudoconvex-
ity of the objective functions.1,2 Therefore, it is the goal of
this work to develop an efficient solution strategy for the
global optimization of large-scale MILFPs.

In this article, we propose a novel approach to reformu-
late general MILFP problems into an equivalent mixed-
integer linear programming (MILP) form. The proposed
reformulation–linearization method is based on the integra-
tion of Charnes–Cooper transformation16 and the Glover’s
linearization scheme,12 presented as an extension of the
seminal Charnes–Cooper procedure to the particular mixed-
integer case. This approach requires the addition of auxiliary
continuous variables and constraints, but allows for the
global optimization of MILFP problems using standard
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MILP methods, such as the branch-and-cut algorithms.17 To
the best of our knowledge, this is the first method that
presents an exact MILP reformulation of the general MILFP
problem with both discrete and continuous variables. We
note that Li18 and Wu19 applied the Charnes–Cooper trans-
formation procedure and similar linearization approach to
pure 0–1 fractional programming problems in their respec-
tive works. Billionnet proposed efficient approximation algo-
rithms with detailed time complexity analysis for 0–1
fractional knapsack problems.20,21 In this article, after pre-
senting the major properties of MILFPs and the existing
solution methods, we introduce the proposed reformulation–
linearization method and discuss its main properties. We
also perform a side-by-side comparison between the pro-
posed method and the tailored parametric algorithm, which
has been shown to perform more efficiently than general-
purpose MINLP and global optimization methods.6 Exten-
sive computational examples are presented to demonstrate
the efficiency of our method for solving large-scale MILFP
problems with hundreds or thousands of binary variables. To
illustrate the potential of this approach, we consider two
scheduling problems of multipurpose batch plants. Both
scheduling problems are modeled as MILFPs based on
continuous-time formulations.21–24 The results clearly show
that the CPU time can be lowered in several orders of mag-
nitude when using the proposed approach, taking as reference
general-purpose MINLP solvers, including DICOPT and
SBB, and the global optimizer BARON. In addition, the pro-
posed method performs similarly to the tailored parametric
algorithm.

The major novelties of this article are summarized below:
� An efficient reformulation–linearization method for

transforming MILFPs into their equivalent MILP prob-
lems, allowing the global optimization of large-scale
MILFPs using efficient MILP methods within modest
computational times.

� A comprehensive comparison between the proposed
approach and various MINLP and global optimization
methods as well as the tailored parametric algorithm.

� Two applications of the proposed method on optimal
scheduling of flexible batch chemical processes.

The rest part of this article is organized as follows. We
first review the properties of MILFP problems, major MINLP
and global optimization methods, and the tailored parametric
algorithm. We then introduce and discuss the proposed refor-
mulation–linearization method, followed by numerical exam-
ples and case studies on batch process scheduling. This
article is concluded in the last section.

Mixed-Integer Linear Fractional Program

An MILFP includes both continuous and discrete varia-
bles. All the constraints of an MILFP are linear, and the
objective function is expressed as the ratio of two linear
functions. Mathematically, a general MILFP can be formu-
lated as the following problem (P0)

P0ð Þ max

A01
X
i2I

A1ixi1
X
j2J

A2jyj

B01
X
i2I

B1ixi1
X
j2J

B2jyj

(1)

s:t: C0k1
X
i2I

C1ikxi1
X
j2J

C2jkyj50; 8k 2 K; (2)

xi � 0; 8i 2 I and yj 2 0; 1f g; 8j 2 J (3)

where xi are continuous variables and yj are discrete varia-
bles. For problem (P0), it is assumed that the denominator
B01

P
i2IB1ixi1

P
j2JB2jyj > 0 for all feasible solutions and

all inequalities are converted into equalities through the
use of slack variables.25 Thus, problem (P0) includes |I| con-
tinuous variables, |J| binary variables, and |K| equality
constraints.

Due to the nonconvexities/nonlinearities in the objective
function and the combinatorial nature given by the exis-
tence of 0–1 variables, large-scale MILFP problems with
hundreds or thousands of binary variables are hard to opti-
mize globally with general-purpose solution methods. In the
ensuing sections, we review the major properties of MILFP
problems, as well as the main MINLP methods for solving
them.

Properties of MILFP problems

We start talking about the nonlinear relaxation of an
MILFP, in which all the binary variables yj 2 0; 1f g, 8j 2 J
are treated as continuous variables 0 � yj � 1, 8j 2 J. The
nonlinear relaxation of problem (P0) is given below, and it
is denoted as problem (RMILFP).

RMILFPð Þ max

A01
X
i2I

A1ixi1
X
j2J

A2jyj

B01
X
i2I

B1ixi1
X
j2J

B2jyj

(4)

s:t: C0k1
X
i2I

C1ikxi1
X
j2J

C2jkyj50; 8k 2 K; (5)

xi � 0;8i 2 I and 0 � yj � 1; 8j 2 J (6)

The problem (RMILFP) is a linear fractional program
(LFP), in which all the variables are continuous, all the con-
straints are linear, and the objective function is the ratio of
two linear functions. The LFP has been well-studied in the
past decades, and its major properties are summarized
below:

Property 1 The objective function of problem (RMILFP)
is both pseudoconvex and pseudoconcave.

Property 2 The objective function of problem (RMILFP)
is strictly quasiconvex and strictly quasiconcave.

Property 3 Every local optimum of problem (RMILFP) is
also its global solution.

The proofs of these properties are discussed in Chapter
11.4, “Linear Fractional Programming” in Bazaraa et al.26

These properties of problem (RMILFP) can be exploited in
the efficient solution of the MILFP problem (P0) with gen-
eral MINLP methods.

Based on Property 3, You et al.6 concluded that the relax-
ation problem (RMILFP) or a nonlinear programming sub-
problem can be solved to global optimality by using a local
NLP solver, if some of the binary 0–1 variables are fixed.
The standard branch-and-bound method27,28 relies on solving
a sequence of relaxed NLP subproblems.29 Hence, this solu-
tion method guarantees the global optimality of the solution
found within a desired epsilon tolerance. The extended cut-
ting plane method by definition can handle pseudoconvex/
pseudoconcave functions,30,31 and therefore it can also guar-
antee the global optimality of the final solution. In summary,
we can obtain the global optimum of the MILFP problem
(P0) with an MINLP method that can handle pseudoconvex/
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pseudoconcave objective functions, such as the standard
branch-and-bound algorithm27,28 and the extended cutting
plane methods.30,31

Lemma 1 A global optimal solution of the MILFP prob-
lem (P0) can be obtained by solving it with MINLP methods
that can handle pseudoconvex/pseudoconcave objective func-
tions, such as standard branch-and-bound and extended cut-
ting plane method.

MINLP methods for solving MILFP problems

Because an MILFP has both continuous and discrete varia-
bles, and it includes a nonlinear objective function with non-
convexities, it is also a nonconvex MINLP problem. Thus,
global optimization methods for nonconvex MINLP prob-
lems can be utilized for solving MILFP problems. Global
optimization methods for MINLP problems include, but are
not limited to, the branch and reduce method,32 the a-BB
method,33 and the spatial branch-and-bound search method
for bilinear and linear fractional terms.34,35 All these meth-
ods rely on a branch and bound solution procedure. The dif-
ference among these methods lies on the definition of the
convex envelopes for computing the lower bound, and on
the strategy to perform the branching on the discrete and
continuous variables. The computer code BARON is a
general-purpose global optimizer based on the branch-and-
reduce method,36 and it is available in a number of optimiza-
tion modeling systems, such as GAMS.37

In addition to global optimization methods, MINLP meth-
ods that rely on convexity assumptions can also be utilized.
Lemma 1 in the previous section allows us to globally opti-
mize MILFP problems with some convex MINLP methods,
such as the standard branch-and-bound method30 and the
extended cutting plane method,31,32 which are potentially
faster than using a global optimizer. Note that the
Generalized Benders Decomposition algorithm38 and Outer-
Approximation method39,40 do not guarantee global optimal-
ity when solving MILFP problems. This is because both
Generalized Benders Decomposition and Outer-
Approximation rely on the assumption that the functions are
convex when predicting the lower/upper bounds with the mas-
ter problem. If there is a pseudoconvex function, these two
methods could not guarantee that the function linearizations
would always be valid supporting hyperplanes. Thus, the lin-
earization of a pseudoconvex function might cut off a part of
the feasible region, and may not underestimate the objective
function (see Figure 1). A similar issue was discussed in the
work by Jain and Grossmann.41

We next review the major computer codes for convex
MINLPs. The code a-ECP implements the extended cutting
plane method.31,32 The code SBB, which is available in
GAMS, implements the standard branch-and-bound
method.27,28 The program DICOPT is an MINLP solver that
is based on the Outer-Approximation algorithm, and is also
available in GAMS. The open source MINLP solver Bon-
min42 implements an extension of the branch-and-cut outer-
approximation algorithm that was proposed by Quesada and
Grossmann,43 as well as the branch-and-bound and outer-
approximation method.

Parametric algorithm for MILFP

Besides the general-purpose MINLP methods, an alternative
to solving MILFP problems is to use the parametric algo-

rithm25,44,45 by successively solving a sequence of MILP sub-
problems.6,13 This algorithm is based on a parametric
programming approach for defining an optimal-value function
F qð Þ5max N x; yð Þ2q�f D x; yð Þj x; yð Þ 2 Sg, where q is a
parameter, N x; yð Þ5A01

P
i2I A1ixi1

P
j2J A2jyj,

D x;yð Þ5B01
P

i2I B1ixi1
P

j2J B2jyj, and S is the feasible

region of problem (P0) given by S : D x;yð Þ> 0f and
C0k1

P
i2IC1ikxi1

P
j2JC2jkyj50; 8k and xi� 0, 8i2 I and

yj5 0;1f g, 8j2 Jg. You et al.6 showed that the MILFP prob-

lem (P0) is equivalent to the parametric program F qð Þ, that is,
F q�ð Þ5max N x;yð Þ2q� �D x;yð Þj x;yð Þf 2 Sg50 if and only if
q�5N x�;y�ð Þ=D x�;y�ð Þ5max N x;yð Þ=D x;yð Þj x;yð Þ 2 Sf g.

Thus, the global optimal solution of the MILFP problem
(P0) can be obtained by using a generalized Newton’s
method to solve the equation F qð Þ50. For parameter qm the
subgradient of the parametric program F qmð Þ is identified as
2D xm; ymð Þ, which is the negative value of the denominator
evaluated at the optimal solution of xm; ymð Þ. The subgradient
can then be utilized in the Newton’s algorithm, resulting in
the following iterations

qm115qm2
F qmð Þ
F0 qmð Þ

5qm2
F qmð Þ

2D xm; ymð Þ

5qm1
N xm; ymð Þ2qm � D xm; ymð Þ

D xm; ymð Þ 5
N xm; ymð Þ
D xm; ymð Þ

This iteration and updating procedure constitute the core
of the parametric algorithm for solving MILFP problems.
The major steps of this algorithm are summarized as
follows:

STEP 1. Set q150, initialize m by setting m 5 1.
STEP 2. Solve the MILP problem F qmð Þ5max N x; yð Þ2f

qm � D x; yð Þj x; yð Þ 2 Sg, and denote the optimal solution as
xm; ymð Þ.

Step 3. If 0 � F qmð Þ < d (optimality tolerance), stop and
output xm; ymð Þ as the optimal solution; otherwise, let

Figure 1. Linearization might cut off a part of the feasi-
ble region for a pseudoconvex function.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com]
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qm115
N xm;ymð Þ
D xm;ymð Þ and go to Step 2 to replace m with m11 and

qm with qm11.
With this algorithm, we can solve a sequence of MILP

subproblems to obtain the global optimal solution of an
MILFP problem. Each MILP subproblem has the same size
as the MILFP problem that includes |I| continuous variables,
|J| binary variables, and |K| constraints. The only difference
is that the objective function is in a linear, parametric form
N x; yð Þ2q � D x; yð Þ. Parametric algorithm allows us to take
advantage of the efficient MILP methods to globally opti-
mize nonconvex MILFP problems. The memory tends to be
rather small compared with general-purpose MINLP meth-
ods, especially for large-scale MILFP problems. Besides, this
algorithm converges quadratically for MILFP problems,
because it is based on the Newton’s method.9

Reformulation–Linearization Method

Charnes and Cooper16 proposed a method to reformulate a
LFP into an equivalent linear program, by introducing an
additional continuous variable and an additional constraint
(see the Appendix). This method is known as the Charnes–
Cooper transformation and has been shown to be very effi-
cient for solving continuous LFPs.14,15 However, Charnes–
Cooper transformation cannot be directly applied to MILFP
problems as it is restricted to the case where all the variables
are continuous.

We propose a novel and generalized approach to reformu-
late MILFP problems into an equivalent MILP form. Our
approach is based on the reformulation of Charnes–Cooper
and the Glover’s linearization scheme. The former allows
converting the MILFP into an MINLP, whereas the latter
transforms this MINLP into an equivalent MILP. Details of
the reformulation–linearization method and a side-by-side
comparison with the parametric algorithm are presented in
the following sections.

Equivalent MILP reformulation

Our proposed reformulation–linearization method includes
two steps. We consider again the MILFP problem in general
form given as problem (P0)

P0ð Þ max

A01
X
i2I

A1ixi1
X
j2J

A2jyj

B01
X
i2I

B1ixi1
X
j2J

B2jyj

(7)

s:t: C0k1
X
i2I

C1ikxi1
X
j2J

C2jkyj50; 8k 2 K (8)

xi � 0;8i 2 I and yj 2 0; 1f g; 8j 2 J; (9)

where B01
P

i2IB1ixi1
P

j2JB2jyj > 0.
The first step of the reformulation is similar to the

Charnes–Cooper transformation.16 We introduce a new vari-
able u and a set of variables zi, such that

u5 1

B01
P

i2I
B1ixi1

P
j2J

B2jyj

, and zi5
xi

B01
P

i2I
B1ixi1

P
j2J

B2jyj

5

u � xi. The variable u is positive and the variables zi are non-
negative, because B01

P
i2IB1ixi1

P
j2JB2jyj > 0 for all fea-

sible solutions of problem (P0).
The fractional objective function (7) can then be trans-

formed into a linear function with the introduction of new
variables,

A01
X
i2I

A1ixi1
X
j2J

A2jyj

B01
X
i2I

B1ixi1
X
j2J

B2jyj

5A0 � u1
X
i2I

A1izi1
X
j2J

A2j � yj � u
� �

(10)

This is similar to the Charnes–Cooper transformation
except that we only apply the variable transformations to the
continuous variables. Please note that we do not transform
the binary variables yj, so the reformulation results in bilin-
ear terms yj � u in the objective function.

Because variable u is positive, we multiply both sides of
constraint (8) by u and take advantage of the relationship
that zi5u � xi. The resulting equality is given below,

C0k � u1
X
i2I

C1ik � xi � u1
X
j2J

C2jk � yj � u
� �

5C0k � u1
X
i2I

C1ik � zi1
X
j2J

C2jk � yj � u
� �

50;8k 2 K;

(11)

Please note that constraints (11) similarly include the
bilinear terms yj � u.

Because u5 1

B01
P

i2I
B1ixi1

P
j2J

B2jyj
, we include the follow-

ing constraint in the reformulation to define the variable u.

15u � B01
X
i2I

B1ixi1
X
j2J

B2jyj

 !
5B0 � u1

X
i2I

B1i � xi � u

1
X
j2J

B2j � yj � u
� �

5B0 � u1
X
i2I

B1i � zi1
X
j2J

B2j � yj � u
� �

(12)

Thus, the MILFP problem (P0) can be transformed into
the following equivalent MINLP problem (P1)

P1ð Þ max A0 � u1
X
i2I

A1izi1
X
j2J

A2j � yj � u
� �

(13)

s:t: C0k � u1
X
i2I

C1ik � zi1
X
j2J

C2jk � yj � u
� �

50; 8k 2 K

(14)

B0 � u1
X
i2I

B1i � zi1
X
j2J

B2j � yj � u
� �

51 (15)

u � 0; zi � 0;8i 2 I and yj 2 0; 1f g; 8j 2 J (16)

The only nonlinear terms in the MINLP problem (P1) are
the bilinear terms yj � u, which are the products of a binary
variable yj and a continuous variable u. This type of bilinear
terms can be exactly linearized by introducing a number of
auxiliary variables and constraints, following the Glover’s
linearization scheme.12 We introduce a set of auxiliary varia-
bles wj, such that wj5yj � u. Thus, the MINLP problem (P1)
can be further linearized into an equivalent MILP problem
(PR), which is given below

PRð Þ max A0 � u1
X
i2I

A1izi1
X
j2J

A2j � wj (17)

s:t: C0k � u1
X
i2I

C1ik � zi1
X
j2J

C2jk � wj50; 8k 2 K (18)

B0 � u1
X
i2I

B1i � zi1
X
j2J

B2j � wj51 (19)
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wj � u; 8j 2 J; (20)

wj � M � yj; 8j 2 J; (21)

wj � u2M � 12yj

� �
; 8j 2 J; (22)

u � 0; zi � 0; 8i 2 I and wj � 0; yj 2 0; 1f g; 8j 2 J (23)

where M is a sufficiently large number. Constraint (21)
implies that if yj is zero, then wj should be zero; constraints
(20) and (22) impose that if yj is one, then wj should be
equal to u. Thus, constraints (20)–(22) are linearization con-
straints for wj5yj � u.

Unless otherwise specified, the value of M is estimated
heuristically throughout the article. Ideally, M should be its
tightest possible value, namely the upper bound of variable
u, which could be obtained by maximizing u subject to the
constraints of the original model [see problem (P-M) in
Appendix]. However, we found that the value of M has little
effect on the computational performance (numerical exam-
ples provided in Appendix), thus the solution of problem (P-
M) is not necessary.

After using the reformulation–linearization method, we
transform the MILFP problem (P0) into the MILP problem
(PR), which has jJj binary 0–1 variables,jIj1 jJj1 1 continu-
ous variables, and 3�jJj1 jKj 11 constraints. Compared to
the MILFP problem (P0), which includes jIj continuous vari-
ables, jJj binary variables, and jKj constraints, the reformula-
tion does not introduce any additional integer variable, but
requires jJj1 1 additional continuous variables and 3�jJj1 1
constraints.

Because the MILFP problem (P0) is equivalent to the
MINLP problem (P1), which is also equivalent to the MILP
problem (PR), the problem (PR) is equivalent to the problem
(P0). The derivation of the reformulation–linearization method
reveals the one-to-one mapping relationship between the solu-
tions of the two problems, because only variable substitution
and exact linearization are performed during the reformulation
process. These properties are summarized in the following
lemmas.

Lemma 2 The MILP problem (PR) is equivalent to the
MILFP problem (P0).

Lemma 3 If u0;w0; z0; y0ð Þ is a feasible solution of the
MILP reformulation problem (PR), then there is a feasible
solution x0; y0ð Þ of the general MILFP problem (P0), such
that x0

i 5z0
i =u0 and w0

j 5y0
j � u0; vice versa.

Lemma 4 If u�;w�; z�; y�ð Þ is the global optimal solution
of the MILP reformulation problem (PR), then the global
optimal solution of the general MILFP problem (P0) is given
by x�; y�ð Þ, which satisfies x�i 5z�i =u� and w�j 5y�j � u�; vice
versa.

We note that the Charnes–Cooper transformation can be
considered as a special case of the proposed reformulation–
linearization method. The reason is that if binary variables yj

are not included in the MILFP problem (P0), constraints
(20), (21), and (22) can be eliminated, and all the terms with
variables wj in objective function (17) and in constraints (18)
and (19) can be removed. As a result, the reformulated
MILP problem (PR) would become the equivalent linear pro-
gram given in (A6)–(A8), which is the one reformulated
from the LFP with Charnes–Cooper transformation (see the
Appendix for details). Therefore, the proposed reformula-
tion–linearization method is a generalization of the Charnes–
Cooper transformation to account for problems with integer
variables.

Major properties and comparison with the parametric
algorithm

The major advantage of the proposed reformulation–lineari-
zation approach is that we can globally optimize a nonconvex
MILFP problem by solving a similar size MILP problem,
only once. Similar to the parametric algorithm, the proposed
reformulation–linearization method can take advantage of the
state-of-the-art MILP solvers, which have become more and
more efficient in the past decades.46–48 Because no nonlinear
programming subproblem needs to be solved, the memory
usage during the computational process tends to be rather
small compared with using general MINLP and global optimi-
zation methods, especially for large-scale MILFP problems.

Table 1 shows the problem sizes of the original MILFP
problem (P0) and the reformulated MILP problem (PR). We
note that the linearization does not increase the number of
discrete variables, and only needs some auxiliary variables
and additional constraints, of which the numbers are both
proportional to the number of binary variables, jJj.

The parametric algorithm has been shown to be much
more efficient than general-purpose MINLP methods for
solving large-scale MILFP problems.6 As discussed in the
previous section, the parametric algorithm relies on the solu-
tion of a sequence of MILP problems to converge to the
global optimal solution of the MILFP problem. As shown in
Table 1, each MILP subproblem of the parametric algorithm
has the same size of the original MILFP problem, and thus
has the same number of binary variables as the MILP refor-
mulation problem (PR). Because the computational complexity
of an MILP problem largely depends on the number of integer
variables and also because both MILP problems have similar
structure, the reformulated MILP problem (PR) might be com-
putationally a bit more expensive than the MILP subproblem
of the parametric algorithm. However, the proposed reformula-
tion–linearization approach only requires the solution of one
MILP (the reformulated MILP), while the parametric algo-
rithm usually needs multiple iterations despite its quadratic
convergence rate. Therefore, the proposed reformulation–linea-
rization method with a single iteration should have comparable
computational performance as the parametric algorithm when

Table 1. Comparison in Terms of Problems Sizes and Iterations Numbers between the Proposed Reformulation-Linearization

Method and the Parametric Algorithm

General MILFP
Problem (P0)

Reformulated MILP
Problem (PR)

MILP Subproblem
of Parametric Algorithm

Number of binary 0–1 variables jJj jJj jJj
Number of continuous variables jIj jIj1 jJj1 1 jIj
Number of constraints jKj 3�jJj1 jKj 11 jKj
Number of iterations required – one At least one

jIj, jJj, jKj are the numbers of continuous variables, binary variables and constraints of the original MILFP problem, respectively.
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the number of discrete variables, jJj is not significantly large.
In practice, there is a clear trade-off between the number of
MILPs to solve and their size.

Note that the differences between the reformulated MILP
problem (PR) and the MILP subproblems of the parametric
algorithm reside not only on the number of equations and varia-
bles. These problems also have a different objective function
and a different linear relaxation, which may also have nontrivial
impacts on the solution process. For clarification, in this work,
we consider the proposed reformulation–linearization method
and the parametric algorithm as two equally-good alternatives
for solving general MILFP problems, rather than saying the
proposed method is the best in all instances. Practitioners are
encouraged to try both approaches when dealing with MILFP
problems. In the next two sections, we present computational
results for solving large-scale MILFP problems with the pro-
posed reformulation–linearization method, parametric algo-
rithm and various MINLP and global optimization methods.

Computational Results

In this section, we present computational experiments for
25 large-scale, randomly generated MILFP problems to dem-
onstrate the efficiency of the proposed reformulation–lineari-
zation method. The first 21 instances are MILFP problems
involving both discrete variables and continuous variables,
while the last four instances are integer linear fractional pro-
gramming (ILFP) problems with only integer variables.
Unless otherwise stated, all the computational experiments are
carried out on a PC with IntelVR CoreTM i5–2400 CPU @ 3.10
GHz and 8.00-GB RAM. All models and solution procedures
are coded in GAMS 23.9.1.37 The MILP problems in the pro-
posed reformulation–linearization method and parametric
algorithm are solved using CPLEX 12. The MINLP solvers
used in the computational experiments are SBB (standard
branch-and-bound algorithm), DICOPT (Outer-Approximation
algorithm), and the global optimizer BARON 11.36 The abso-
lute optimality tolerance is set to be 1023. Four cores of the
PC are available for the solvers and the parallel mode of
CPLEX 12 is allowed. Note that the one-thread CPLEX 12
computational results are also summarized in Appendix.

We consider the MILFP problem (TP) presented below.

TPð Þ max

A01
X
i2I

A1ixi1
X
j2J

A2jyj

B01
X
i2I

B1ixi1
X
j2J

B2jyj

(24)

s:t:
X
i2I

C1ikxi1
X
j2J

C2jkyj � Dk; 8k 2 K (25)

B01
X
i2I

B1ixi1
X
j2J

B2jyj � 0:001 (26)

xL � xi � xU; 8i 2 I and yj 2 0; 1f g; 8j 2 J (27)

In this testing problem (TP), all the constraints are linear
and the objective function is the ratio of two linear func-
tions. This problem consists of jIj continuous variables, jJj
binary variables, and jKj11 constraints. The values of jIj,
jJj, and jKj range from 100 to 3000. The upper and lower
bounds of the continuous variables xi are all set to 1 and 0.1,
respectively. The other parameters are generated randomly
using uniform distribution. A0 is generated uniformly on
U 210; 10½ �. A1i is generated uniformly on U 0; 10½ �. A2j is
generated uniformly on U 0; 10½ �. B0 is generated uniformly

on U 210; 10½ �. B1i is generated uniformly on U 0; 10½ �. B2j

is generated uniformly on U 0; 10½ �. C1ik is generated uni-
formly on U 210; 10½ �. C2jk is generated uniformly on
U 220; 15½ �. Dk is generated uniformly on U 215; 20½ �.

By using the proposed reformulation–linearization method,
the model can be transformed into its equivalent MILP prob-
lem (TPR) given as follows.

TPRð Þ max A0 � u1
X
i2I

A1izi1
X
j2J

A2j � wj (28)

s:t :
X
i2I

C1ik � zi1
X
j2J

C2jk � wj � Dk � u; 8k 2 K (29)

B0 � u1
X
i2I

B1i � zi1
X
j2J

B2j � wj51 (30)

u � xL � zi � u � xU; 8i 2 I (31)

wj � u; 8j 2 J (32)

wj � M � yj; 8j 2 J (33)

wj � u2M � 12yj

� �
; j 2 J (34)

u � 0; zi � 0; 8i 2 I

wj � 0; yj 2 0; 1f g; 8j 2 J
(35)

where u51= B01
X
i2I

B1ixi1
X
j2J

B2jyj

 !
, zi5u � xi and wj are

the auxiliary variables for the Glover’s linearization scheme.
As a side-by-side comparison, we also solve the original

problem (TP) using the parametric algorithm, in which a
sequence of MILP subproblems are calculated. The model
formulation of the MILP subproblem is presented as follows.

TPDð Þ max A01
X
i2I

A1ixi1
X
j2J

A2jyj

 !

2q B01
X
i2I

B1ixi1
X
j2J

B2jyj

 !

s:t: constraints ð25Þ-ð27Þ

(36)

where q is a parameter. Unless otherwise stated, the initial
value of q is set to 0. Comparing the objective functions of
(TPD) and (TP), we can see that (36) is equal to the numerator
of (24) minus its denominator times the parameter q. Other
than the objective function, all the constraints are exactly the
same. As for the comparisons between (TPR) and (TPD), they
are both MILP problems, but the problem size of (TPR) is
larger than that of (TPD). This is due to the introduction of the
positive continuous variable u, a set of continuous variables
wj, and auxiliary constraints (32)–(34) for the Glover’s lineari-
zation scheme. Therefore, the computational time for solving
(TPR) could be longer than that associated with subproblem
(TPD). We note that the parametric algorithm relies on an iter-
ative procedure that solves a sequence of MILP subporblems
(TPD), whereas the reformulation–linearization method solves
only one MILP model (TPR). There is therefore a trade-off
between solving a series of MILPs smaller in size and calcu-
lating a bigger MILP only once.

We next apply the reformulation–linearization method and
the parametric algorithm to solve these problems. We also
solve them with the general-purpose MINLP solvers SBB
and DICOPT, as well as the global optimizer BARON 11.
The computational results are given in Table 2.
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As for the first 21 MILFP problems, the number of dis-
crete variables, continuous variables, and constraints range
from 100 each to 3000 each. Note that the effective size of
the reformulated MILP problem can be easily calculated via
Table 1. Generally, for all solution procedures, as the prob-
lem size grows, the computational time increases. However,
as an exception, Instance 4 costs far more computational
time than its adjacent instances, which indicates that the
computational efforts required may not only depend on the
problems size but also on the input data structure. For all the
instances, the proposed reformulation–linearization method is
able to obtain the global optimum in 30 min. In particular, it
globally optimizes Instances 1–14 within 1 min. Regarding
the parametric algorithm, although in most cases it requires
more computational time and iterations, it is faster than the
proposed reformulation–linearization method for Instances 4,
9, 17, and 20. However, it is still fair to conclude that the
proposed reformulation–linearization method performs better
than parametric algorithm for this TP.

As for the three general purpose MINLP solvers, they per-

form worse than the two tailored algorithms discussed above

in solving these MILFP problems. The computational per-

formances of SBB and DICOPT are similar. For relatively

small-size problems (Instances 1–3 and 5), both MINLP

solvers perform similarly to the reformulation–linearization

method and the parametric algorithm. For relatively

medium-size problems (Instances 5–13 and 15), they are

able to obtain global optimums within 1 h, but are slower

than the reformulation–linearization methods and the para-

metric algorithm. However, for relatively large-size problems

(Instances 16–21) and some difficult problems (Instances 4

and 14), they fail to return the global optimal solutions.

Although in all instances, DICOPT returns the global opti-

mal solutions, it cannot guarantee the global optimality of

the solution as discussed in the second section. In general,

the global optimizer BARON 11 is slower than the local

MINLP solvers, SBB, and DICOPT. It obtains global opti-

mums for Instances 1–3, 5–11, and 13, but it returns subopti-

mal solutions or fails to converge for Instances 4, 12, 14–16

within 1 h. However, for relatively large-size problems

(Instances 17–21), BARON 11 is not able to return any fea-

sible solutions within 1 h. Overall, for the first 21 MILFP

problems, the tailored reformulation–linearization method

and the parametric algorithm are shown to be more efficient

than the general-purpose MINLP solvers, and in most cases

the reformulation–linearization method exhibits better

performance.
We further solve four pure ILFP problems which do not

include any continuous variable, that is, jIj5 0. These prob-
lems are denoted as Instances 22–25. The number of binary
variables range from 500 to 3000, and the number of con-
straints range from 250 to 1500. The proposed reformula-
tion–linearization method is able to solve Instances 22–25 in
2 min. However, the computational time is not proportional
to the problem size. Instance 22, which is the smallest in
size, leads to the largest CPU times. Parametric algorithm
exhibits comparable performances as the reformulation–lin-
earization method. For instance in 22, the parametric algo-
rithm is faster than the reformulation–linearization method,
but for Instances 23–25 the parametric algorithm is slower.
DICOPT is the fastest among the three MINLP solvers and
returns global optimums for all Instances 22–25 in 1 h,
though it is not so efficient as the reformulation–linearization

method and the parametric algorithm. BARON 11 obtains
global optimal solutions for Instances 23–25, and returns a
suboptimal solution for Instance 22. SBB returns global opti-
mums for Instances 23 and 25, but fails to find any feasible
solutions for Instances 22 and 24. In conclusion, the pro-
posed reformulation–linearization method is also robust and
efficient in solving ILFP problems compared to general-
purpose MINLP solvers, and it is comparable with the tai-
lored parametric algorithm.

Applications in Batch Process Scheduling

In this section, we present two case studies that address
scheduling problems of multipurpose batch plants. The first
example studies the cyclic production scheduling, and the sec-
ond example optimizes the productivity over the scheduling
makespan. Both problems are formulated as MILFP problems
based on the continuous–time formulation.11,49

Case study 1: Cyclic scheduling

In this case study, we consider the cyclic scheduling prob-
lem22,50,51 which is a variant of the most studied scheduling
problem in the process systems engineering literature origi-
nally proposed by Kondili et al.52 This problem deals with
the scheduling of a multipurpose pharmaceutical batch plant.
The resource-task network (RTN)51 of this batch process is
shown in Figure 2. It produces two products from three raw
materials through a reaction-separation network. There are
three intermediate products and three equipment units avail-
able. The model formulation considered in this example was
proposed by Castro et al.23 based on a uniform time-grid
continuous-time representation. Because You et al. studied
the performances of the parametric algorithm and some
general-purpose MINLP solvers on this problem in their
paper,6 we use the identical input data here. Therefore, the
optimal solutions are exactly the same as those reported in
their paper, and the differences in computational performan-
ces for the corresponding solution methods are mainly due
to the use of newer versions of the solvers and the improve-
ments in hardware.

In the RTN representation, the set of tasks is denoted as
i 2 I, and the chemicals and processing units are treated as
generic entities called resources r 2 R. By using the wrap-
around operator X �ð Þ,

X tð Þ5
t;

t1jTj;

1 � t � jTj

t < 1

8<
: (37)

the cyclic scheduling formulation is given in a very compact
form, (38)–(44). In addition, as mentioned in the work by
Castro et al.,23 an anchoring constraint can be introduced to
reduce the solution degeneracy arising from cyclic schedul-
ing permutations.

Therefore, the problem is formulated as an MILFP prob-
lem, which is given below and denoted as (C1-P).

C12Pð Þ max

X
r2RFP

prrAmtr

H

0
BB@

1
CCA (38)
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s:t:

Rr;t5Rr;X t21ð Þ1 Amtrjr2RRM 2Amtrjr2RFP

� �
jt51

1
X
i2I

X
t02T

t<t0�t1Dtð Þ� t0�t1Dt2jTjð Þ

fcon r;iNi;t;t01vcon r;iBi;t;t0
� �

1
X
t02T

t2Dt�t0<tð Þ� t0�t2Dt1jTjð Þ

fpro r;iNi;t0;t1vcon r;iBi;t0;t

� �

2
66666664

3
77777775
;

8r 2 R; t 2 T

(39)

Rr;jTj5ror1
X
i2I

X
t2T

X
t02T

t<t0�t1Dtð Þ� t0�t1Dt2jTjð Þ

fcon r;iNi;t;t01
X
t02T

t<t0�t1Dt

fpro r;iNi;t;t0

0
BB@

1
CCA;

8r 2 REQ

(40)

bmin
i Ni;t;t0 � Bi;t;t0 � bmax

i Ni;t;t0 ;

8i 2 I; t 2 T; t0 2 T; t < t0 � t1Dtð Þ� t0 � t1Dt2jTjð Þ
(41)

Tt02Tt � ftiNi;t;t01vtiBi;t;t0 ; 8i 2 I; t 2 T; t0 2 T; t < t0 � t1Dt

(42)

Tt2Tt0 � H2ftiNi;t;t01vtiBi;t;t0 ; 8i 2 I; t 2 T; t0 2 T;

t0 � t1Dt2jTj
(43)

hmin � H � hmax ; T150; 0 � Tt � hmax ;

Ni;t;t0 2 0; 1f g; Bi;t;t0 ;Rr;t;Amtr � 0
(44)

As shown in constraint (38), the objective is to maximize
the revenue (the numerator) while minimizing the cycle time
(the denominator), or in other words, to maximize the hourly
revenue. Constraint (39) indicates the resource balance over
the cycle and constraint (40) accounts for the start-up proce-
dure. A set of time points is represented by t 2 T, and Dt
restricts the number of time points that a task can span. The
binary variable Ni;t;t0 equals to 1 if task i starts at event point
t and ends at/before time point t0, while the continuous vari-
able Bi;t;t0 denotes the corresponding batch size. The latter
should lie between its upper bound (bmax

i ) and lower bound
(bmax

i ) as given by constraint (41). In this formulation, the
duration of a task consists of a fixed part (fti) related to the
occurrence of the task and a variable part (vti) proportional
to the batch size being processed. The continuous variable Tt

denotes the time of event point t relative to the start of the
cycle. Constraints (42) and (43) model the timing relations
between the start and finishing of a task. At last, constraints
(44) are the upper- and lower-bound constraints and the non-
negative and integrity constraints.

By using the proposed reformulation–linearization method,
the original MILFP problem (C1-P) can be transformed into
the following equivalent MILP problem (C1-PR). For the sim-
plicity of presentation, the reformulated variables retain the
name of the original variables but add a letter G in the front.

C12PRð Þ max
X

r2RFP

prrGAmtr (45)

Figure 2. RTN representation of Case Study 1.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com]
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s:t:

GRr;t5GRr;X t21ð Þ1 GAmtrjr2RRM 2GAmtrjr2RFP

� �
jt51

1
X
i2I

X
t02T

t<t0�t1Dtð Þ� t0�t1Dt2jTjð Þ

fcon r;iGNi;t;t01vcon r;iGBi;t;t0
� �

1
X
t02T

t2Dt�t0<tð Þ� t0�t2Dt1jTjð Þ

fpro r;iGNi;t0;t1vpro r;iGBi;t0;t

� �

2
66666664

3
77777775
; 8r 2 R; t 2 T

(46)

GRr;jTj5ror � G

1
X
i2I

X
t2T

X
t02T

t<t0�t1Dtð Þ� t0�t1Dt2jTjð Þ

fcon r;iGNi;t;t01
X
t02T

t<t0�t1Dt

fpro r;iGNi;t;t0

0
BB@

1
CCA; 8r 2 REQ

(47)

bmin
i GNi;t;t0 � GBi;t;t0 � bmax

i GNi;t;t0 ;

8i 2 I; t 2 T; t0 2 T; t < t0 � t1Dtð Þ� t0 � t1Dt2jTjð Þ
(48)

GTt02GTt � ftiGNi;t;t01vtiGBi;t;t0 ;

8i 2 I; t 2 T; t0 2 T; t < t0 � t1Dt
(49)

GTt2GTt0 � GH2ftiGNi;t;t01vtiGBi;t;t0 ;

8i 2 I; t 2 T; t0 2 T; t0 � t1Dt2jTj
(50)

GH51 (51)

GNi;t;t0 � G; 8i 2 I; t 2 T; t0 2 T;

t < t0 � t1Dtð Þ� t0 � t1Dt2jTjð Þ
(52)

GNi;t;t0 � gmax � Ni;t;t0 ; 8i 2 I; t 2 T; t0 2 T;

t < t0 � t1Dtð Þ� t0 � t1Dt2jTjð Þ
(53)

GNi;t;t0 � G2gmax 12Ni;t;t0
� �

;

8i 2 I; t 2 T; t0 2 T; t < t0 � t1Dtð Þ� t0 � t1Dt2jTjð Þ
(54)

hmin � G � GH � hmax � G; GT150; 0 � GTt � hmax � G;

Ni;t;t0 2 0; 1f g; GBi;t;t0 ;GRr;t;GAmtr;GH;G;GNi;t;t0 � 0

(55)

Compared to the original formulation (C1-P), the objective
function (45) becomes a linear function rather than a frac-
tional term. Constraints (46)-(50) and constraint (55) corre-
spond to constraints (39)-(44) in the original formulation,
while constraints (51) to (54) are additional. Constraint (51)
is crucial to maintain its equivalence with (C1-P). Con-
straints (52)-(54) relate to the linearization of bilinear terms.
Also, G and GNi;t;t0 are additional continuous variables. The
former represents the reciprocal of cycle time H and the

latter are the auxiliary variables for the Glover’s linearization
scheme. All the other continuous variables have a one-to-one
correlation with the variables in (C1-P), that is
Rr;t5GRr;t=G.

The parametric algorithm involves solving a sequence of
MILP problem (C1-PD). The difference from the original
problem (C1-P) is only in the objective function, while all
the constraints remain the same.

C12PDð Þ max
X

r2RFP

prrAmtr2q � H

s:t: constraints ð39Þ-ð44Þ
(56)

where q is a parameter, which would be updated iteratively
until reaching the optimal objective value for the original
MILFP problem (C1-P).

As known, the solution returned using the time grid for-
mulation is dependent on the number of event points jTj, as
well as the number of intervals that a task can span Dt. As
pointed out by Wu and Ierapetritou,53 the feasible range of
the cycle time H 2 Hmin ;Hmax

� �
would also affect the solu-

tion. As the goal of this article is to compare the computa-
tional performances of various algorithms for solving MILFP
problems, we solve five instances with different patterns of
these four parameters using the reformulation–linearization
method, the parametric algorithm, and the general-purpose
MINLP solvers, DICOPT, and SBB, and the global optimizer
BARON 11. The results are given in Table 3.

As can be seen, the problem size grows as the number of
event points jTj and the number of intervals that a task can
span Dt increase. The proposed reformulation–linearization
method obtains the global optimal solution in 7 s for
Instance 1, whereas it spends about 18 min to return the
global optimum for Instance 5. The parametric algorithm
also returns global optimal solutions within the computa-
tional time limit for all the five instances. For solving
Instance 1, the parametric algorithm is slightly slower than
the reformulation–linearization method, but for Instances
2–4, the parametric algorithm tends to be faster. BARON 11
obtains global optimums for Instance 2–4 within 1 h.
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However, for Instances 1 and 5, BARON 11 finds the
global optimal solutions (32.757 and 34.108, respectively),
but fails to prove its global optimality within 1 h. SBB
finds global optimums for Instances 1–4, but fails to prove
their optimality within 1 h. For Instance 5, SBB returns a
suboptimal solution (32.320) rather than the global optimal
one (34.108) after 1 h. DICOPT is the fastest among the
three general-purpose MINLP solvers. For Instances 3–5,
DICOPT returns global optimal solutions in 1 h, but for
Instances 1 and 2 only suboptimal solutions are obtained
after 1 h. The gaps relative to the global optimums are
19.1 and 7.1%, respectively. Overall, the reformulation–lin-
earization method and the parametric algorithm present bet-
ter computational performances than the general-purpose
MINLP solvers for the global optimization of these cyclic
scheduling problems.

Case study 2: Productivity

In this case study, we consider a scheduling problem orig-
inally coming from The Dow Chemical Company.54,55 The
state-task network (STN) representation of this process is
given in Figure 3. Similar to the previous example, it repre-
sents a multipurpose batch plant with a complicated network
structure. This process involves four products, four raw
materials, and six intermediates. Both batch mixing and
splitting are involved in the process. The decisions include
the assignment of eight tasks to five equipment units, as well
as the batch sizing. Note that in this problem, changeover
times are not considered.

The objective of this problem is to maximize the produc-
tivity, which is defined as the total profit divided by the cor-
responding makespan.56 A minimum demand of each

product is required to be met, and the total time horizon is
restricted to be 2000 min. This problem was addressed
recently by Chu et al.55 but the two objectives (minimizing
the operational cost or makespan) are optimized separately
in their paper, while productivity possesses the features of
both objectives. Therefore, the results and optimal solutions
may be different due to the difference in the objective func-
tion, although we use the identical input data as those
reported in their paper.

In this example, we adopt the continuous-time formulation
using global time points proposed by Maravelias and Gross-
mann.24 The resulting MILFP problem is presented below,
and denoted as problem (C2-P). Notations can be found in
the Notation section in the end of this article.

C22Pð Þ max

X
s2P

psSsjtj2
X

i

X
t

Wsitfij1Bsitbij

� �
Tjtj

2
64

3
75 (57)

s:t:
X

t

Wsit5
X

t

Wfit; 8i (58)

X
i2Ij

Wsit � 1; 8j; t (59)

X
i2Ij

Wfit � 1; 8j; t (60)

X
i2Ij

X
t0<t

Wsit02Wfit0ð Þ � 1; 8j; t (61)

Tdit5WsitptF
i 1BsitptV

i ; 8i; t (62)

Tfit � Tsit1Tdit2ht 12Wsitð Þ; 8i; t (63)

Figure 3. STN representation of Case Study 2.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com]
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Tfit � Tsit1Tdit1ht 12Wsitð Þ; 8i; t (64)

Tfit2Tfi t21ð Þ � Wsit � ht; 8i; t (65)

Tfit2Tfi t21ð Þ � Tdit; 8i; t (66)

Tfi t21ð Þ � Tt1ht 12Wfitð Þ; 8i; t (67)

Tsit5Tt; 8i; t (68)

Tt � T t21ð Þ; 8t > 1 (69)

T150 (70)

Tjtj � ht (71)

bmin
i Wsit � Bsit � bmax

i Wsit; 8i; t (72)

bmin
i Wfit � Bfit � bmax

i Wfit; 8i; t (73)

bmin
i

X
t0<t

Wsit02
X
t0<t

Wfit0

 !
� Bpit

� bmax
i

X
t0<t

Wsit02
X
t0<t

Wfit0

 !
; 8i; t

(74)

Bsi t21ð Þ1Bpi t21ð Þ5Bpit1Bfit; 8i; t > 1 (75)

Ssjtj � ds; 8s 2 P (76)

BI
ist5qc

isBsit; 8i; s; t (77)

BO
ist5qp

isBfit; 8i; s; t (78)

BI
ist � bmax

i qc
isWsit; 8i; s; t (79)

BO
ist � bmax

i qp
isWfit; 8i; s; t (80)

Sst5Ss t21ð Þ1
X
i2Os

BO
ist2
X
i2Is

BI
ist; 8s; t (81)

Sst � smax
s ; 8s; t (82)

Bfit;Bpit;Bsit;B
I
ist;B

O
ist; Sst;Tt;Tdit;Tfit;Tsit � 0 (83)

Wfit;Wsit 2 0; 1f g (84)

The objective function is given in (57) representing the
productivity, where the numerator is the total profit and the
denominator is the makespan. The inventory level of a prod-
uct (Sst) at the end of the makespan equals to its sales
amount. Given the market price of each product (ps), the
total revenue equals to the total income from selling all the
products. The operational cost consists of a fixed part and a
variable part, which is proportional to the batch size. The
makespan is simply the absolute time at the last time point
relative to the beginning of the production. The assignment
constraints are given by constraints (58)–(61), where the
binary variables Wsit and Wfit identify the start and finishing
of a task (i 2 I) related to the time points t 2 T. The timing
constraints for the start, duration, and finishing of each task
are given by constraints (62)–(71). The capacity constraints
(72)–(75) specify the upper and lower limits of the batch
size for each task, and establish its correlation with the
global time points. Constraint (76) states that the minimum
demand must be satisfied. The material balance constraints
given by (77)–(82) model the storage level of each state at
all the time points. At last, constraints (83) and (84) are the
nonnegative and integrity constraints.

By applying the reformulation–linearization method, the
original MILFP problem (C1-P) can be reformulated into the
following equivalent MILP problem. Similar to Case Study
1, the reformulated variables retain the name of the original

variables with an additional letter G in the front of each
symbol for the simplicity of presentation.

C22PRð Þ max psGSsjtj2
X

i

X
t

GWsitfij1GBsitbij

� �
(85)

s:t:
X

t

GWsit5
X

t

GWfit; 8i (86)

X
i2Ij

GWsit � G; 8j; t (87)

X
i2Ij

GWfit � G; 8j; t (88)

X
i2Ij

X
t0<t

GWsit02GWfit0ð Þ � G; 8j; t (89)

GTdit5GWsitptF
i 1GBsitptV

i ; 8i; t (90)

GTfit � GTsit1GTdit2ht G2GWsitð Þ; 8i; t (91)

GTfit � GTsit1GTdit1ht G2GWsitð Þ; 8i; t (92)

GTfit2GTfi t21ð Þ � GWsit � ht; 8i; t (93)

GTfit2GTfi t21ð Þ � GTdit; 8i; t (94)

GTfi t21ð Þ � GTt1ht G2GWfitð Þ; 8i; t (95)

GTsit5GTt; 8i; t (96)

GTt � GT t21ð Þ; 8t > 1 (97)

GT150 (98)

GTjtj � G � ht (99)

bmin
i GWsit � GBsit � bmax

i GWsit; 8i; t (100)

bmin
i GWfit � GBfit � bmax

i GWfit; 8i; t (101)

bmin
i

X
t0<t

GWsit02G
X
t0<t

Wfit0

 !
� GBpit

� bmax
i

X
t0<t

GWsit02
X
t0<t

GWfit0

 !
; 8i; t

(102)

GBsi t21ð Þ1GBpi t21ð Þ5GBpit1GBfit; 8i; t > 1 (103)

GSsjtj � G � ds; 8s (104)

GBI
ist5qc

isGBsit; 8i; s; t (105)

GBO
ist5qp

isGBfit; 8i; s; t (106)

GBI
ist � bmax

i qc
isGWsit; 8i; s; t (107)

GBO
ist � bmax

i qp
isGWfit; 8i; s; t (108)

GSst5GSs t21ð Þ1
X
i2Os

GBO
ist2
X
i2Is

GBI
ist; 8s; t (109)

GSst � G � smax
s ; 8s; t (110)

GTjtj51 (111)

GWsit � G; 8i; t (112)

GWsit � gmax Wsit; 8i; t (113)

GWsit � G2gmax 12Wsitð Þ; 8i; t (114)

GWfit � G; 8i; t (115)

GWfit � gmax Wfit; 8i; t (116)

GWfit � G2gmax 12Wfitð Þ; 8i; t (117)
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GBfit;GBpit;GBsit;GBI
ist;GBO

ist;GSst;GTt;GTdit;GTfit;GTsit;

G;GWfit;GWsit � 0

(118)

Wfit;Wsit 2 0; 1f g (119)

where G51=Tjtj, GWfit, and GWsit are the auxiliary variables
for the Glover’s linearization scheme. All the other continu-
ous variables have a one-to-one correlation with the varia-
bles in (C2-P), that is, Sst5GSst=G.

We also provide the MILP formulation (C2-PD) of the
subproblem to be solved in the parametric algorithm as
follows.

C22PDð Þ max
X
s2P

psSsjtj2
X

i

X
t

Wsitfij1Bsitbij

� �" #
2q � Tjtj

s:t: constraints ð58Þ-ð84Þ
(120)

We solve four instances of this problem with the number of
time points ranging from 9 to 12, using the proposed reformula-
tion–linearization method and the parametric algorithm, as well
as using the general purpose MINLP solvers SBB, DICOPT,
and the global optimizer BARON 11. The computational
results are presented in Table 4. As the number of time points
increases from 9 to 12, the computational time increases signifi-
cantly. The computational time for the reformulation–lineariza-
tion method increases from 11.28 to 1040.75 s, whereas for the
parametric algorithm it increases from 11.89 to 751.72 s. Both
methods are able to obtain global optimums within 20 min for
all four instances. For Instance 1, the parametric algorithm is
slightly slower than the reformulation–linearization method,
whereas for Instances 2–4 the parametric algorithm tends to be
relatively faster. Among the three general-purpose MINLP
solvers, DICOPT appears to be the most efficient. However, as
the outer-approximation method does not guarantee global
optimality for pseudoconvex/pseudoconcave functions,
DICOPT only returns suboptimal solutions for Instances 1–3,

with the gaps relative to the global optimums ranging from 0.3
to 17.5%. It fails to obtain any feasible solutions for Instance 4.
SBB returns suboptimal solutions for all four instances after 1
h, and the gaps relative to the global optimums range from 2.8
to 43.7%. BARON 11 returns suboptimal solutions for Instan-
ces 1, 2, and 4, and the gaps relative to the global optimums
range from 0.3 to 102.9%. The suboptimal solution obtained by
BARON 11 for Instance 4 is negative (22.008), which means
that the operational cost can be greater than the revenue in this
case. For Instance 3, BARON 11 fails to obtain any feasible sol-
utions within 1 h. Overall, for this scheduling problem, of
which the objective is the maximization of productivity, the
proposed reformulation–linearization method is shown to be
much more efficient than DICOPT, SBB, and BARON.

Conclusions

In this article, we proposed a novel and efficient method for
the global optimization of MILFP problems that consists of
reformulating them into an equivalent MILP form. The refor-
mulation–linearization approach is based on the integration of
Charnes–Cooper transformation and Glover’s linearization
schemes. The detailed derivation of the proposed reformula-
tion–linearization was presented, along with a rigorous analysis
on the problem size and reformulation properties. We showed
that reformulating MILFP problems into their equivalent MILP
problems can be an efficient method for the global optimization
of large-scale MILFP problems. It needs to be solved for only
once and can reflect the gap information (upper bound and
lower bound) on the fly. Extensive computational studies were
performed to demonstrate the efficiency of this method, includ-
ing two scheduling problems of multipurpose batch chemical
processes. The results showed that the proposed reformulation–
linearization method guarantees the global optimality of the
solutions and requires significantly less computational effort
than general-purpose MINLP solvers, such as DICOPT and
SBB, and the global optimizer BARON. Similar computational
performances were observed between the proposed

Table 4. Results for Case Study 2 with Five Solution Methods

No.
Number of
Time Points

Discrete
Variables

Continuous
Variables Constraints Objective Iterations

Make
Span

CPU
Seconds Solvers/Algorithms

176 1137 3206 49.81 1002 11 Reformulation–Linearization
176 941 2209 49.81 4 1002 12 Parametric

1 9 176 941 2209 48.416–129.318 972 3600a SBB
176 941 2209 49.641 948 14 DICOPT
176 941 2209 49.641–70.772 948 3600a BARON 11

198 1271 3565 57.441 1110 102 Reformulation–Linearization
198 1053 2469 57.441 4 1110 38 Parametric

2 10 198 1053 2469 32.330–342.143 1056 3600a SBB
198 1053 2469 51.264 918 165 DICOPT
198 1053 2469 36.719–220.316 972 3600a BARON 11

220 1405 3924 63.719 1218 467 Reformulation–Linearization
220 1165 2729 63.719 4 1218 152 Parametric

3 11 220 1165 2729 55.278–548.425 1404 3600a SBB
220 1165 2729 52.64 894 1839 DICOPT
220 1165 2729 – 3600b BARON 11

242 1476 4283 68.833 1326 1041 Reformulation–Linearization
242 1277 2989 68.833 4 1326 752 Parametric

4 12 242 1277 2989 59.828–684.039 1512 3600a SBB
242 1277 2989 – – 3600b DICOPT
242 1277 2989 22.008–567.524 2000 3600a BARON 11

aSuboptimal solutions (lower and upper bounds) obtained after 1 h (3600 s).
bNo feasible solutions returned after 1 h (3600 s).
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reformulation–linearization method and the parametric algo-
rithm. Specifically, the proposed approach performs with
respect to the CPU time roughly a half of the parametric algo-
rithm for the two batch scheduling applications. However, it is
not fully understood yet when it is expected that the proposed
reformulation–linearization method would perform better or
worse than the parametric algorithm. Therefore, further studies
in broader applications are appreciated in future works.
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Notation

Case study 1
Set

I = set of tasks
R = set of resources

REQ = set of equipment units
RFP = set of final products
RRM = set of raw materials

T = set of event points

Parameters
bmax

i = maximum batch size of task i
bmin

i = minimum batch size of task i
fconr;i = fixed consumption of resourcerat the start of task i
fpror;i = fixed production of resource r at the end of task i

fti = fixed duration of task i
gmax = upper bound for additional variable G
hmax = upper bound of the cycle time
hmin = lower bound of the cycle time

prr = market value for resource r
ror = total available amount of resource r

vconr;i = variable consumption of resource r at the start of taski
vpror;i = variable production of resource r at the end of taski

vti = variable duration of task i
Dt = the number of time intervals a task can span

Continuous variables
Amtr = net consumption/production of resource r over the cycle
Bi;t;t’ = batch size task i starting at event point t and ending at event

point t’
H = cycle time

Rr;t = available amount of resource r over time interval t
Tt = absolute time at event point t

Binary variables
Ni;t;t’ = 1 if task i starts at event point t and ends at event point t’

Case study 2
Sets

i = set of tasks
j = set of equipment units
s = set of states
t = set of time points

Ij = subset of tasks that can be performed in unit j
Is = subset of tasks that consumes state s

Os = subset of tasks that produces state s
P = subset of states that are final products

Parameters
bij = variable cost for performing task i in unit j

bmax
i = maximum batch size for task i

bmin
i = minimum batch size for task i
ds = minimum demand of product s
fij = fixed cost for performing task i in unit j

gmax = upper bound for additional variable G
ht = total time horizon
ps = market value of product s

ptFi = fixed processing time of task i

ptVi = variable processing time of task i
smax

s = maximum capacity of state s
qc

is = material balance coefficient regarding the consumption of state
s by task i

qp
is = material balance coefficient regarding the consumption of state

s by task i

Continuous variables
Bfit = batch size of task i that finishes at or before time point t
Bpit = batch size of task i that is active at time point t
Bsit = batch size of task i when it starts at time point t
BI

ist = amount of state s consumed by task i at time point t
BO

ist = amount of state s produced by task i at time point t
Sst = storage level of state s at time point t
Tt = absolute time at time point t

Tdit = duration of task i that starts at time point t
Tfit = finishing time of task i that starts or is active at time point t
Tsit = starting time of task i at time point t

Binary variables
Wfit = 1 if task i finishes at or before time point t
Wsit = 1 if task i starts at time point t
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Appendix

Charnes-Cooper transformation for continuous LFPs

Charnes and Cooper15 proposed a method to reformulate a
LFP to an equivalent linear program. This is known as the
Charnes–Cooper transformation.

Consider a general LFP given below,

LFPð Þ max

A01
X
i2I

A1ixi

B01
X
i2I

B1ixi

(A1)

s:t:C0k1
X
i2I

C1ikxi50; 8k 2 K (A2)

xi � 0;8i 2 I

Charnes–Cooper transformation first introduces a new

variable u and a set of variables zi, such that u5 1

B01
P

i2I
B1ixi

and zi5
xi

B01
P

i2I
B1ixi

5xi � u.

With the variables u and zi, the objective function (A1)
can be transformed to the following function

A01
X
i2I

A1ixi

B01
X
i2I

B1ixi

5A0 � u1
X
i2I

A1i � zi (A3)

Multiplying both sides of constraint (A2) by u, which is
nonzero, it leads to the following equality,

C0k � u1
X
i2I

C1ik � xi � u5C0k � u1
X
i2I

C1ik � zi50;8k 2 K;

(A4)

By definition, the variable u should satisfy the following
constraint,

15u � B01
X
i2I

B1ixi

 !
5B0 � u1

X
i2I

B1i � xi � u5B0 � u

1
X
i2I

B1i � zi

(A5)

Therefore, the problem (LFP) can be transformed to the
following equivalent linear program (LFP-R)

LFP2Rð Þ max A0 � u1
X
i2I

A1izi (A6)
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s:t:C0k � u1
X
i2I

C1ik � zi50;8k 2 K (A7)

B0 � u1
X
i2I

B1i � zi51 (A8)

u � 0; zi � 0;8i 2 I

Charnes–Cooper transformation reformulates a linear frac-
tion program into a linear program by introducing an addi-
tional variable u, and an additional constraint (A8) to
transform the ratio function in the objective function into a
linear function. The original variables xi are eliminated and
replaced by zi, which has the one-to-one map through the
relationship of zi5xi � u.

Tightest possible BigM value

Note that the tightest possible value of M can be obtained
by maximizing u subject to the constraints of the original
model. More precisely, we can obtain a rigorous value of M
by solving the following problem

P2Mð Þ min B01
X
i2I

B1ixi1
X
j2J

B2jyj (A9)

s:t: C0k1
X
i2I

C1ikxi1
X
j2J

C2jkyj50; 8k 2 K (A10)

xi � 0; 8i 2 I and yj 2 0; 1f g; 8j 2 J (A11)

where B01
P

i2IB1ixi1
P

j2JB2jyj > 0.

The tightest value of M corresponds to the inverse of the
optimal value of this formulation. Note that this model does not
include auxiliary variables, so its computational burden might
be lower than the one associated with the reformulated MILP.

Numerical examples of different BigM values

The following table shows several numerical examples
using different BigM values. As can be seen, the BigM value
has little effect on the CPU times for the proposed reformu-
lation–linearization method. This is probably because the
bounds automatically generated by CPLEX may be more
efficient than that specified manually.

One-thread CPU times for CPLEX 12

The one-thread CPU times using CPLEX 12 for both the
proposed reformulation–linearization method and the para-
metric method are given below. Table A2 is for the random
MILFP problems. Table A3 is for case study 1. Table A4 is
for case study 2. As can be observed, the one-thread CPU
times roughly range from one time to four times of the four-
thread CPU times shown in Table 2, 3, and 4. This suggests
that the use of parallel mode can significantly improve the
solution efficiency.

Table A1. CPU Times for Different M Values

No.

Continuous Variables Discrete Variables Constraints Reformulation–Linearization CPU Seconds

jIj jJj jKj11 Objective M 5 108 M 5 104 M 5 1

20 3000 3000 2001 3.525 686 694 695
21 3000 3000 3001 3.525 1302 1309 1309

Table A2. One-Thread Times for Random MILFP Problems

No.

Continuous
Variables

Discrete
Variables Constraints Reformulation–Linearization Parametric Algorithm

jIj jJj jKj11 Objective 1-Thread CPU Seconds Iterations Objective 1-Thread CPU Seconds

1 100 100 101 3.394 1 7 3.394 1
2 500 100 101 2.391 2 7 2.391 3
3 100 500 101 6.094 1 8 6.094 2
4 100 100 501 2.644 926 7 2.644 1099
5 500 500 101 3.546 1 7 3.546 2
6 500 500 501 3.507 8 7 3.507 17
7 1000 500 501 2.942 8 7 2.942 15
8 500 1000 501 4.114 3 7 4.114 17
9 500 500 1001 3.484 94 7 3.484 56
10 1000 1000 501 3.512 12 7 3.512 38
11 1000 1000 1001 3.512 22 7 3.512 77
12 2000 1000 1001 2.956 29 7 2.956 35
13 1000 2000 1001 4.667 22 7 4.667 73
14 1000 1000 2001 3.510 45 8 3.510 162
15 2000 2000 1001 3.469 131 7 3.469 345
16 2000 2000 2001 3.469 201 7 3.469 497
17 3000 2000 2001 3.199 104 6 3.199 94
18 2000 3000 2001 3.970 217 7 3.970 560
19 2000 2000 3001 3.469 226 7 3.469 556
20 3000 3000 2001 3.525 715 7 3.525 1808
21 3000 3000 3001 3.525 822 7 3.525 1616
22 0 500 250 18.250 111 8 18.250 193
23 0 1000 500 64.571 1 7 64.571 6
24 0 2000 1000 114.714 9 7 114.714 26
25 0 3000 1500 174.286 6 7 174.286 58

Random MILFP problems
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EXAMPLE 1

EXAMPLE 2

Manuscript received Feb. 17, 2013, and revision received May. 15, 2013.

Table A3. One-Thread CPU Times for Case Study 1

No.
Number of

event points Step Hmin Hmax
Discrete
variables

Continuous
variables Constraints Objective Iterations

Cycle
Time

CPU
Seconds

Solvers/
Algorithms

1 5 3 40 70
105 276 859 32.757 62.801 18 1-thread R-L
105 172 375 32.757

3
62.801 24 1-thread parametric

2 5 3 70 100
105 276 859 32.605 97.585 19 1-thread R-L
105 172 375 32.605

3
97.585 17 1-thread parametric

3 6 3 100 140
126 330 1029 33.396 105.677 222 1-thread R-L
126 205 449 33.396

3
105.677 97 1-thread parametric

4 6 4 100 140
168 414 1323 33.396 105.677 233 1-thread R-L
168 247 575 33.396

3
105.677 114 1-thread parametric

5 7 4 100 140
196 482 1542 34.108 103.47 3881 1-thread R-L
196 287 670 34.108

3
103.47 1944 1-thread parametric

Table A4. One-Thread CPU Times for Case Study 2

No.
Number of

Time Points
Discrete
Variables

Continuous
Variables Constraints Objective Iterations Make Span

CPU
Seconds

Solvers/
Algorithms

1 9 176 1137 3206 49.81 1002 25 1-thread R-L
176 941 2209 49.81

4
1002 23 1-thread parametric

2 10 198 1271 3565 57.441 1110 439 1-thread R-L
198 1053 2469 57.441

4
1110 159 1-thread parametric

3 11 220 1405 3924 63.719 1218 1363 1-thread R-L
220 1165 2729 63.719

4
1218 666 1-thread parametric

4 12 242 1476 4283 68.833 1326 4105 1-thread R-L
242 1277 2989 68.833

4
1326 4323 1-thread parametric
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